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The notions of temperature, entropy and 'evaporation', usually associated with space- 
times with horizons, are analyzed using general approach and the following results, ap- 
plicable to different spacetimes, are obtained at one go. (i) The concept of temperature 
associated with the horizon is derived in a unified manner and is shown to arise from 
purely kinematic considerations, (ii) QFT near any horizon is mapped to a conformal 
field theory without introducing concepts from string theory, (iii) For spherically sym- 
metric spacetimes (in D = 1 + 3) with a horizon at r = I, the partition function has 
the generic form Z oc exp[S - f3E], where S = (l/4)4irl 2 and \E\ = (1/2). This analysis 
reproduces the conventional result for the blackhole spacetimes and provides a simple 
and consistent interpretation of entropy and energy for deSitter spacetime. (iv) For 
the Rindler spacetime the entropy per unit transverse area turns out to be (1/4) while 
the energy is zero, (v) In the case of a Schwarzschild black hole there exist quantum 
states (like Unruh vacuum) which are not invariant under time reversal and can describe 
blackhole evaporation. There also exist quantum states (like Hartle-Hawking vacuum) 
in which temperature is well-defined but there is no flow of radiation to infinity. In the 
case of deSitter universe or Rindler patch in flat spacetime, one usually uses quantum 
states analogous to Hartle-Hawking vacuum and obtains a temperature without the cor- 
responding notion of evaporation. It is, however, possible to construct the analogues of 
Unruh vacuum state in the other cases as well. Associating an entropy or a radiating 
vacuum state with a general horizon raises conceptual issues which are briefly discussed. 

1. Motivation 

One of the remarkable features of classical gravity is that it can wrap up regions of 
spacetime thereby producing surfaces which act as one way membranes. The classic 
example is that of a Schwarzschild blackhole which has a compact, observer inde- 
pendent, surface which acts as an event horizon. Another example is the deSitter 
universe which also has an one way membrane though the location of this compact 
surface depends on the observer. The existence of one-way membranes, however, is 
not necessarily a feature of gravity or curved spacetime and can be induced even 
in flat Minkowski spacetime, once we accept the notion of an observer dependent 
horizon. It is possible to introduce coordinate charts in Minkowski spacetime such 
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that regions are separated by horizons, a familiar example being the Rindler frame 
which has a non-compact surface acting as a coordinate dependent horizon. 

The study of QFT in these spacetimes suggests a natural way of associating 
a temperature with the spacetimes which have horizons, irrespective of whether 
the horizons are observer independent geometrical structures (as in the case of a 
blackholc) or observer/coordinate dependent (as in the case of deSitter or Rindler). 1 
The operator equations for QFT in the background metric are well defined in these 
spacetimes; but to make useful predictions we also need to choose a quantum state 
for the field. The Schwarzschild, deSitter and Rindler metrics are symmetric under 
time reversal and there exists a 'natural' definition of a time symmetric vacuum 
state in all these cases. Such a vacuum state will appear to be described a thermal 
density matrix in a subregion 1Z of spacetime with the horizon as a boundary. The 
QFT based on such a state will be manifestedly time symmetric and will describe 
an isolated system in thermal equilibrium in the subregion 1Z. No time asymmetric 
phenomena like evaporation, outgoing radiation, irreversible changes etc can take 
place in this situation. 

One would next ask whether one can associate an entropy with such spacetimes 
in a sensible manner, given that the notion of temperature arises very naturally. 
Conventionally there are two very different ways of defining the entropy, given the 
notion of temperature: (1) In statistical mechanics, the partition function Z{(3) of 
the canonical ensemble of systems with constant temperature is related to the 
entropy S and energy E by Z(f3) oc exp(S' — f3E). (2) In classical thermodynamics, 
on the other hand, it is the change in the entropy, which can be operationally 
defined via dS = dE/T(E). Integrating this equation will lead to the function 
S(E) except for an additive constant which needs to be determined from additional 
considerations. Proving the equality of these two concepts was nontrivial and - 
historically — led to the unification of thermodynamics with mechanics. 

In the case of time symmetric vacuum state, there will be no change of entropy 
dS and the thermodynamic route is blocked. I will show, however, that it is possible 
to construct a canonical ensemble of a class of spacetimes with a fixed value for (3 and 
evaluate the partition function Z{j3). For spherically symmetric spacetimes with a 
horizon at r = I, the partition function has the generic form Z oc exp[S — /3E], where 
S = (l/4)47r/ 2 and \E\ = (1/2). This analysis reproduces the conventional result 
for the blackhole spacetimes and provides a simple and consistent interpretation 
of entropy and energy for deSitter spacetime, with the latter being given by E — 
— (1/2)H~ 1 . For the Rindler spacetime the entropy per unit transverse area turns 
out to be (1/4) while the energy is zero. 

I will also show how to construct radiating states in all these spacetimes such 
that the thermodynamic approach to entropy can also be realised. It will turn out 
that there is absolutely no mathematical distinction between the horizons which 
arise in the Schwarzschild, deSitter and Rindler spacetimes. There is no simple way 
one can associate entropy with blackholcs without associating entropy with Rindler 
or deSitter. It is all or none. 
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2. A unified approach to spacetimes with horizons 

Consider a (D+l) dimensional flat Lorentzian manifold S with the signature (+, 
— ,—,...) and Cartesian coordinates Z A where A = (0, 1, 2, D). A four dimen- 
sional sub-manifold V in this (D+l) dimensional space can be defined through a 
mapping Z A = Z A {x a ) where x a with a — (0,1,2,3) are the four dimensional 
coordinates on the surface. The flat Lorentzian metric in the (D+l) dimensional 
space induces a metric g a b{x a ) on the four dimensional space which — for a wide 
variety of the mappings Z A = Z A (x a ) — will have the signature (+,—,—,—) and 
will represent, in general, a curved four geometry. The quantum theory of a free 
scalar field in S is well defined in terms of the, say, plane wave modes which satisfy 
the wave equation in S. A subset of these modes, which does not depend on the 
'transverse' directions, will satisfy the corresponding wave equation in T> and will 
depend only on x a . These modes induce a natural QFT in D. We are interested 
in the mappings Z A = Z A (x a ) which leads to a horizon in T> so that we can inves- 
tigate the QFT in spacetimes with horizons using the free, flat spacetime, QFT in 
S. [This approach was used earlier in reference 2 for some special cases. But I use 
this technique with a different motivation, in a more general context, to draw some 
important conclusions.] 

For this purpose, I will restrict attention to a class of surfaces defined by the 
mappings Z A = Z A (x a ) which ensures the following properties for V: (i) The 
induced metric g a b has the signature (+, — , — , — ). (ii) The induced metric is static 
in the sense that go a = and all g a bS are independent of x°. [The Greek indices run 
over 1,2,3.] (iii) Under the transformation x° — ► a; +i(n/g), where g is a non zero, 
positive constant, the mapping of the coordinates changes as Z° — ► — Z°, Z 1 — > — Z 1 
and Z A — ► Z A for A = 2, D. It will turn out that the four dimensional manifolds 
defined by such mappings possess a horizon and most of the interesting features 
of the thermodynamics related to the horizon can be obtained from the above 
characterization. Let us first determine the nature of the mapping Z A = Z A (x a ) = 
Z A (t,y:) such that the above conditions arc satisfied. 

The condition (iii) above singles out the spatial coordinate Z 1 from the oth- 
ers. To satisfy this condition we can take the mapping Z A = Z A (t,r,8,(j)) to be 
of the form Z° = Z^{t,r),Z x = Z^r),^ = Z J -(r,e,<j)) where Z 1 - denotes the 
transverse coordinates Z A with A = (2, D). To impose the condition (ii) above, 
one can make use of the fact that S possesses invariance under translations, ro- 
tations and Lorentz boosts which are characterized by the existence of a set of 
N = (1/2)(L> + 1)(D + 2) Killing vector fields i A {Z A ). Consider any linear com- 
bination V A of these Killing vector fields which is timelikc in a region of S. The 
integral curves to this vector field V A will define time like curves in S. If one treats 
these curves as the trajectories of a hypothetical observer, then one can set up the 
proper Fermi- Walker transported coordinate system for this observer. Since the 
four velocity of the observer is along the Killing vector field, it is obvious that the 
metric in this coordinate system will be static. 3 In particular, there exists a Killing 
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vector which corresponds to Lorentz boosts along the Z 1 direction that can be in- 
terpreted as rotation in imaginary time coordinate allowing a natural realization of 
(iii) above. Using the property of Lorentz boosts, it is easy to see that the trans- 
formations of the form Z° = ±lf(r) 1 / 2 sinhgt;Z 1 — ±lf (r) 1 / 2 cosh gt will satisfy 
both conditions (ii) and (iii) where (l,g) are constants introduced for dimensional 
reasons and f(r) is a given function. This map covers only the two quadrants with 
\Z 1 \ > \Z°\ with positive sign for the right quadrant and negative sign for the left. 
To cover the entire (Z°, Z 1 ) plane, we will use the full set 

Z° = ±lf{r) 1/2 sinh gt; Z 1 = ±lf{r) 1/2 coshgt (for \Z l \ > \Z°\) (1) 
Z°=±l[- fir)] 1 ' 2 cosh gt; Z 1 = ±l[-f(r)] 1/2 sinhgt (for < |^°|) (2) 

The inverse transformations corresponding to (Q) are 

l 2 f(r) = (Z 1 ) 2 - (Z ) 2 ; gt = t & nh-\Z°/Z 1 ) (3) 

Clearly, to cover the entire two dimensional plane of — oo < (Z°, Z 1 ) < +oo, it is 
necessary to have both f(r) > and f(r) < 0. The pair of points (Z ,^ 1 ) and 
(—Z°, —Z 1 ) are mapped to the same (t,r) making this a 2-to-l mapping. The null 
surface Z° = ±Z 1 is mapped to the surface f(r) = 0. 

The transformations given above with any arbitrary mapping for the transverse 
coordinate Z = Z" L (r, 9, (f>) will give rise to an induced metric on T> of the form 

ds 2 = f(r)(lg) 2 dt 2 l j dr 2 - dh\ (4) 

where dL 2 ^ depends on the form of the mapping Z = Z (r,9,(p). This form of 
the metric is valid in all the quadrants even though we will continue to work in the 
right quadrant and will comment on the behaviour in other quadrants only when 
necessary. It is obvious that the T>, in general, is curved and has a horizon at 
f(r) = 0. 

As a specific example, let us consider the case of (D+l)=6 with the coordi- 
nates (Z°,Z 1 ,Z 2 ,Z' i ,Z i ,Z b ) = (Z ,^ 1 ,^ 2 ,^, 6,$) and consider a mapping to 
4-dimensional subspace in which: (i) The (Z ,^ 1 ) are mapped to (t,r) as before; 
(ii) the spherical coordinates (R, 0, $) in S are mapped to standard spherical polar 
coordinates in T>: (r, 9, ip) and (iii) we take Z 2 to be an arbitrary function of r: 
Z 2 = q(r). This leads to the metric 

ds 2 = A(r)dt 2 - B(r)dr 2 - r 2 dtf 2 _ sphcl . c ; (5) 

with 

A(r) = (lg) 2 f; B(r) = 1 + q' 2 + ^ (6) 

Equation (|J) is the form of a general, spherically symmetric, static metric in 4- 
dimension with two arbitrary functions f(r),q(r). Given any specific metric with 



Thermodynamics and/or of horizon: A unified approach ... 5 



A(r) and B(r), equations @ can be solved to determine f(r), q(r). As an example, 
let us consider the Schwarzschild solution for which we will take / = 4 [1 — (l/r)]; 
the condition goo — (l/$n) now determines q(r) through the equation 



That is 




Though the integral cannot be expressed in terms of elementary functions, it is ob- 
vious that q(r) is well behaved everywhere including at r = I. The transformations 
(Z°, Z 1 ) -> (i, r); Z 2 -> q(r); (Z 3 , Z 4 , Z 5 ) -> (r, 0, thus provide the embedding of 
Schwarzschild metric in a 6-dimensional space. [This result was originally obtained 
by Frondsal; 4 but the derivation in that paper is somewhat obscure and does not 
bring out the generality of the situation]. As a corollary, we may note that this 
procedure leads to a spherically symmetric Schwarzschild-like metric in arbitrary 
dimension, with the 2-sphere in (^) replaced any iV-sphere. 

Incidentally, the choice Ig = l,f(r) = [1 — {r/l) 2 ] will provide an embedding of 
the deSitter spacetime in 6-dimensional space with Z 2 = r, (Z 3 , Z 4 , Z 5 ) — » (r, 0, (f>). 
Of course, in this case, one of the coordinates is actually redundant and we can 
achieve the embedding in 5-dimensional space. A still more trivial case is that of 
Rindler metric which can be obtained with D=3, Ig = 1, f(r) — l + 2gr; in this case, 
the "embedding" is just a reparametrization within four dimensional spacetime and 
— in this case — r runs in the range (—00, 00). The key point is that the metric in 
is fairly generic and can describe a host of spacetimes with horizons located at 

/ = 0. 

3. Dimensional reduction and emergence of CFT near a horizon 

To investigate the nature of spacetimes with horizons, we only need to assume that 
f(r) vanishes at some r — I with f'(l) being finite; such spacetimes have a horizon 
at r = I. Let us consider the example of a QFT for a self-interacting scalar field 
with a potential V(<f>), in a spacetime with the metric of the form in equation (Q): 

ds 2 = f(r){lg) 2 dt 2 - l - (tpj dr 2 - g a pdx a dx^ 1 g a p = g Q/3 (r, x±) (9) 

where the line element g a pdx a dx^ denotes the irrelevant transverse part corre- 
sponding to the transverse coordinates xi , as well as any regular part of the metric 
corresponding to dr 2 . For example, in the case of metric in (|^) it is convenient to 
combine the (1 + q l2 )dr 2 term with the transverse part since it is regular at the 
horizon. The field equation for a scalar field in this metric V a V a </> = —(dV/d<fi) 
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can be expanded as 



Q f dr 



dr 



= 



(10) 



where we have set y/—g = (l 2 g/2)f'(r)Q(r,x.±) with Q(r, xj_) giving the square 
root of the determinant of transverse metric. It is assumed that / has a simple zero 
at some r = I while Q is regular at this point. We see from (10) that something 
drastic will happen if / has a simple zero at some point r — I, signalling a horizon 
in the spacetime. Then the factor / will kill the dependence of the solution on the 
transverse coordinates as well as on the potential and we will be left with essentially 
a 2— dimensional scalar field theory, which - as is well known - acquires an extra 
symmetry of conformal invariance. Introducing the coordinate £ = (l/2g) In/, 
equation (^) can be rewritten as 



d 2 4> 
dt 2 



d 2 c/> 



chp 
dr 



dQ 
dr 



(igff 



(Vic 



dV 



(11) 



The right hand side vanishes as r — > I because / vanishes faster than all other 
terms. It follows that near the horizon we arc dealing with a (1+1) dimensional 
field theory governed by 

^-^«0 (12) 

ot 2 oe 1 ' 

which has an extra symmetry of conformal invariance. 

If we take f(r) rs 2g(r — I) near r — I and separate the time dependence by 
<f) = <f) UI e~ luJt , it is easy to see that near r = I, the solution has the universal form: 



K = \r - /| ± (*-/ 2 ») 



exp 



The fundamental wave modes are now 



-iut ±iw£ 



,-tw(i±£) 



(13) 



(14) 



where t = it and z = (^ + it) is the standard complex coordinate of the conformal 
field theory. The boundary condition on the horizon can be expressed most naturally 
in terms of z and z. For example, purely in-going modes are characterized by 
(df/dz) — 0; (df /dz) ^ 0. Since the system is periodic in r, the coordinate z is 
on a cylinder (R 1 x S 1 ) with r being the angular coordinate (S 1 ) and £ being the 
R 1 coordinate. The periodicity in r is clearer if we introduce the related complex 
variable p by the definition p = exp g(£ + it) — exp(gz). The coordinate p respects 
the periodicity in r and is essentially a mapping from a cylinder to a plane. (For 
a general discussion of conformal field theory, see reference [5].) It follows that the 



modes (e" 



■lUJZ p — lUJZ 



) become (p 



-i<+>/g Ti-vo/9 



) in terms of p. 



The situation is simpler in the case of a free field with V = 0. Then the 
general solution to the wave equation can be expanded in terms of the modes 
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<fi(t, r, Xj_) = F\(x±)(j)\ ul (r)e~ luJt where the function F is the eigenfunction of trans- 
verse Laplacian with (set of) eigenvalue(s) A; that is V^^F = —\ 2 F. In general, 
the radial part of the solution <p\ u (r) will depend both on lo and A and will have a 
complicated r dependence. But if the spacetime has a horizon, then the mode func- 
tions have a unique behaviour [given by (|l3|)] near the horizon. The corresponding 
two point function G (t — t'; r, r'; xx, Xj_) = (0\<f>(t, r, x.±)<f>(t' , r', Xj_)|0) will have 
the limit 

G(i-*';r ) r';x ±) x'_ L ) = A(xx)/a(x x j |^ e -*-[(*-0±(C-C)] I (15) 

near r ~ Z, r' ~ /. That is, the two point function factorises into a transverse and 
radial part with the radial part being that of a two dimensional massless scalar field. 
The latter is the same as the Green function of the standard conformal filed theory. 
Similar results exist for other two-point functions, like Fcynman Green function etc. 

The fact that the field modes have a unique behaviour near the event horizon 
has implications for the QFT in the bulk of the spacetime. Note that a free QFT is 
uniquely determined by the two-point function, say, the Feynman Green function 
which satisfies a local differential equation. Since this equation is hyperbolic in 
the Minkowski space, the boundary conditions required to specify the solution are 
nontrivial in general. Our analysis shows that the existence of a CFT near the 
horizon allows us to specify the boundary condition on the r = I + e surface, where 
e is an infinitesimal quantity. In other words, the QFT in the bulk of the spacetime 
is uniquely determined once we specified the boundary conditions on the surface of 
the event horizon (plus at infinity or origin depending on the location of bulk region 
wrt the horizon) . This is a version of holographic principle in operation. 

4. All horizons lead to temperature 

There exists a natural definition of QFT in the original (D + l)-dimensional space; 
in particular, we can define a vacuum state for the quantum field on the Z° = 
surface, which coincides with the t = surface. By restricting the field modes (or the 
field configurations in the Schrodinger picture) to depend only on the coordinates 
in T>, we will obtain a quantum field theory in T> in the sense that these modes will 
satisfy the relevant field equation defined in T>. In general, this is a complicated 
problem and it is not easy to have a choice of modes in S which will lead to a natural 
set of modes in V. We can, however, take advantage of the fact proved in the last 
section — that all the interesting physics arises from the (Z ^ 1 ) plane and the 
other transverse dimensions are irrelevant near the horizon. In particular, solutions 
to the wave equation in S which depends only on the coordinates Z° and Z 1 will 
satisfy the wave equation in T> and will depend only on (t, r). Such modes will define 
a natural s— wave QFT in T>. I will now show that the positive frequency modes of 
the above kind will be a specific superposition of negative and positive frequency 
modes in V leading to a temperature T = (g/2w) in the 4-dimensional subspace on 
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one side of the horizon. There are several ways of proving this result, all of which 
depend essentially on the property that under the transformation t — > t + (in/g) 
the two coordinates Z° and Z 1 reverses sign. 

Consider a positive frequency mode of the form F(Z°, Z 1 ) oc exp[— iilZ° + iPZ 1 ] 
with Q > 0. This mode can be expressed in the 4-dimensional sector in the form 
<f> = F(t,r) = F[Z°(t,r), Z 1 (i,r)]. For simplicity, we shall measure time in units of 
(1/g) thereby setting g = 1 in what follows. The Fourier transform of F(t,r) with 
respect to t will be:, 

/oo 
dte-^Fl&far^Z 1 ^]; (-oo < u < oo) (16) 
-oo 

Thus a positive frequency mode in the higher dimension can only be expressed as 
an integral over 10 with ui ranging over both positive and negative values. However, 
using the fact that t — > t— in leads to Z° — > —Z 1 , it is easy to show that K(—lj, r) = 
e -T"»K*(w,r). This allows us to write 

F(t,r)= [ — [K^,^-™* + e-™K*(u,r)e iojt ] (17) 
Ja 27r 

The second term represents the contribution of negative frequency modes in the the 
4-D spacetime to the pure positive frequency mode in the embedding spacctimc. 
A field mode of the embedding spacctimc containing creation and annihilation op- 
erators (A, ) can now be represented in terms of the creation and annihilation 
operators (a, a 1 *) appropriate to the (t, r) coordinates as 

AF+A^F* = TP [(A + Ate"™) Ke^ + h.c] = f° f^l [aKe^ + h.c] 
Jo 27r J 2n TV 

(18) 

where TV is a normalization constant. Identifying a — N(A + e nul A^) and using the 
conditions [a, a^] = 1, [A, A^] = 1 etc., we get iV = [1 - exp(-27rw)] _1/2 . It follows 
that the number of a— particles in the vacuum defined by ^4|vac >= is given by 

< vaclatalvac >= N 2 e - 2 ™ = (e 2lTU> - l)" 1 (19) 

This is a Planckian spectrum with temperature T — 1/2tt — g/2w in normal units. 

There is a more elegant way of obtaining this result which is due to Lee and 
I give here an adaptation of the same. 6 The basic theme is illustrated in figure 
1 in which the origin of r is chosen such that f(r = 0) = for simplicity. On 
the Z° = t = hyper-surface one can define a vacuum state |vac > of the theory 
by giving the field configuration for the whole of— oo < Z 1 < +oo. This field 
configuration, however, separates into two disjoint sectors when one uses the (t, r) 
coordinate system. Concentrating on the {Z°,Z l ) plane, we now need to specify 
the field configuration (p^Z 1 ) for Z 1 > and (\>l(Z v ) for Z 1 < to match the 
initial data in the global coordinates; given this data, the vacuum state is specified 
by the functional < vac|0L, <f)R >. 
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Fig. 1. Thermal effects due to a horizon; see text for a discussion. 



where Z E 



Let us next consider the Euclidean sector corresponding to the {Z E ,Z r ) plane 
iZ°. The QFT in this plane can be defined along standard lines. 
The analytic continuation in i, however, is a different matter; the coordinates 
(gtE = igt, fir) 1 / 2 ) are like polar coordinates in this (T, Z 1 ) plane with tE hav- 
ing a periodicity of (2-k / g). Figure 1 now shows that evolution in gtE from to 7r 
will take the system configuration from Z 1 > to Z 1 < 0. This allows one to prove 
that (vac|0L, </>#) oc (4>l\^~' kH ^ 9 \ < Pr)\ normalization now fixes the proportionality 
constant, giving 



(vac 1 4>i 



Me 



-nH/g 



\4>r) 



(20) 



' Tr(e- 27rH /9) 1 / 2 

To provide a simple proof of this relation, let us consider the ground state wave 
functional < vac|</>£, <j)R > in the embedding spacetime expressed as a path integral. 
As is well known, ground state wave functional can be represented as a Euclidean 
path integral of the form 



(vac|0L,0fi) oc 



Z%=oo-(t>={0,0) 



V(j)e" 



=0;<j>=(cl> L ,<j> R ) 



(21) 



where Z E = iZ° is the Euclidean time coordinate 



From figure 1 it is obvious that 
this path integral could also be evaluated in the polar coordinates by varying the 
angle 8 = gtE from to ir. When 8 — the field configuration corresponds to 
4> = 4>r and when 8 = tt the field configuration corresponds to <fi = <pL- Therefore 

(vw#£,ta>oc / V(j>e- A (22) 

J gtE=0;<j>=4'R 
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In Hcisenberg picture this quantity can be expressed as a matrix element of the 
Hamiltonian Hr in the (t, r) coordinates giving us the result: 

(vac|fo,<fo> <x f " ' ^ V$e~ A = {M^'^^r) (23) 

J gt E =0;4>=<t>R 

Normalizing the result properly gives equation (p0|). 

This result, in turn, implies that for operators O made out of field variables 
belonging to the right wedge, the vacuum expectation values become thermal ex- 
pectation values. This arises from straightforward algebra of inserting a complete 
set of states appropriately: 

(vac|0(^)|vac)=^ £ (vac|^, L |vac) 



EE 



(24) 



The most important conclusion which follows from all these is that the existence 
of the temperature is a purely kinematic effect arising from the coordinate system 
we have used. Dynamical evolution has no role to play. The main ingredients 
which have gone into this result are the following, (i) The singular behaviour of 
the (t, r) coordinate system near r = I separates out the Z° = hyper-surface into 
two separate regions, (ii) In terms of real (t, r) coordinates, it is not possible to 
distinguish between the points (Z ^ 1 ) and (—Z°,—Z 1 ) but the transformation 
t — > t + iir maps the point (Z ^ 1 ) to the point {—Z°, —Z 1 ). Thus a rotation in 
the complex time plane encodes the information contained in the full Z a = plane. 

5. All horizons lead to entropy 

The next logical question will be whether one can associate other thermodynamic 
quantities, especially the entropy, with such spacetimes. Given that the tempera- 
ture can be introduced very naturally, using only the behaviour of metric near the 
horizon, one would look for a similarly elegant and natural derivation of the entropy. 
Such a derivation should not depend on the introduction of external degrees of free- 
dom (like a scalar field) since we want to associate the entropy with the spacetime 
and not with an external field. Further, the thermodynamical description should 
depend only on the behaviour of the metric near the horizon. I will show that it is 
indeed possible to provide such a description for spacetimes of the form in 

ds 2 = f(r)dt 2 - /(rj-^r 2 - dh\ (25) 

where f(r) vanishes at some surface r = I, say, with f'(l) = B remaining finite. 
When dL\ = r 2 dS 2 with [0 < r < oo], equation (|2^) covers a variety of spherically 
symmetric spacetimes with a compact horizon at r = I. If r is interpreted as one 
of the cartesian coordinates x with (— oo < x < oo) and dh\ — dy 2 + dz 2 , f(x) = 
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1 + 2gx, equation ([25|) can describe the Rindler frame in flat spacetime. We shall 
first concentrate on compact horizons with r interpreted as radial coordinate, and 
comment on the Rindler frame at the end. 

Since the metric is static, Euclidean continuation is trivially effected by t — > 
t = it and an examination of the conical singularity near r = I [where f(r) ~ 
B(r — I)} shows that r should be interpreted as periodic with period (3 = Att/\B\ 
corresponding to the temperature T — \B\/4tt. Hence class of metrics in (^5| ) with 
the behaviour [f(l) = 0,/'(Z) = B] constitute a canonical ensemble at constant 
temperature since they all have the same temperature T — \B\/At: . The partition 
function for this ensemble is given by the path integral sum 
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(26) 



where I have made the Euclidian continuation of the Einstein action and imposed 
the periodicity in r with period = An/\B\. The sum is restricted to the set S 
of all metrics of the form in (|25| ) with the behaviour [f(l) = 0,f'(l) = B] and 
the Euclidean lagrangian is a functional of f(r). No source terms or cosmological 
constant (which cannot be distinguished from certain form of source) is included 
since the idea is to obtain a result which depends purely on the geometry. The 
spatial integration will be restricted to a region bounded by the 2-spheres r — I and 
r = L, where the choice of L is arbitrary except for the requirement that within the 
region of integration the Lorentzian metric must have the proper signature with t 
being a time coordinate. Using the result 

R = V 2 r f-~[r{l-f)] (27) 
valid for metrics of the form in (p5[), a straight forward calculation shows that 

-A E = ^j\r [-[r 2 /T + 2[r(l - /)]'] - ^[l 2 B 21} + Q[f(L), /'(£)] (28) 

where Q depends on the behaviour of the metric near r = L and we have used the 
conditions [f(l) = 0, f'(l) = B\. The sum in ( p^ ) now reduces to summing over the 
values of [f(L),f'(L)] with a suitable (but unknown) measure. This sum, however, 
will only lead to a factor which we can ignore in deciding about the dependence of 
Z(P) on the form of the metric near r — I. Using (3 = Att/B (and taking B > 0, for 
the moment) the final result can be written in a very suggestive form: 



Z(/3) = Z exp 



oc exp [S(l) - 0E(l)] (29) 



with the identifications for the entropy and energy being given by: 

S = = iA horizon ; E=\l= (30) 
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In addition to the simplicity, the following features are noteworthy regarding this 
result: 

(i) The partition function was evaluated with two very natural conditions: f(l) = 
making the surface r = I a compact horizon and /'(/) = constant which is the 
proper characterisation of the canonical ensemble of spacetime metrics. Since tem- 
perature is well defined for the class of metrics which I have considered, this canon- 
ical ensemble is defined without any ambiguity. This allows me to sum over a class 
of spherically symmetric spacetimes at one go rather than deal with, say, black- 
hole spacetimes and deSitter spacetime separately. Unlike many of the previous 
approaches (like, for example, ref. [7]), I do not evaluate the path integral in the 
WKB limit, confining to metrics which are solutions of Einstein's equations. 

(ii) In the case of the Schwarzschild blackhole with I = 2M, the energy turns out 
to be E = (1/2) = M which is as expected. (More generally, E — (A^i^JlQ-K) 1 / 2 
corresponds to the so called 'irreducible mass' in BH spacetimes). Of course, the 
identifications S = (AirM 2 ), E = M, T = (l/8irM) are consistent with the result 
alE = TdS in this particular case. 

(iii) Most importantly, our analysis provides an interpretation of entropy and 
energy in the case of deSitter universe. In this case, f(r) = (1 — H 2 r 2 ), a = 
H~ x ,B = —2H. Since the region where t is timelike is "inside" the horizon, the 
integral for Ae in ( p8| ) should be taken from some arbitrary value r = L to r = I 
with I > L. So the horizon contributes in the upper limit of the integral introducing 



a change of sign in (28). Further, since B < 0, there is another negative sign in the 



area term from /3B cx B/\B\. Taking all these into account we get, in this case, 



Z(J3) = Z exp 



i(4 7 rP) + /3(^) 



oc exp [3(1) - /3E(l)} (31) 



giving S = (1/4) (4tt/ 2 ) = (1/4) horizon and E = -(l/2)H~ l . These definitions do 
satisfy the relation TdS — PdV = dE when it is noted that the deSitter universe has 
a non zero pressure P = —p\ = —E/V associated with the cosmological constant. 
In fact, if we use the "reasonable" assumptions S — (l/4)(47ri?~ 2 ), V = (4ir /3)H~ 3 
and E = —PV in the equation TdS — PdV = dE and treat E as an unknown 
function of H, we get the equation H 2 (dE / dH) — —('dEH + 1) which integrates 
to give precisely E = — (1/2)H~ 1 . This energy is also is numerically same as the 
total energy within the Hubble volume of the classical solution, with a cosmological 
constant: 

4tt o 4tt „3H 2 1 , 

£ Hu b = y h PA = T = 2 (32) 

(The extra negative sign of E = — Enub is related to a feature noticed in the 
literature in a different context; see for example, the discussion following equation 
(71) in the review [8]. ) 

Finally, let us consider the spacetimes with planar symmetry for which (^5|) is 
still applicable with r — x being a Cartesian coordinate and dL 2 ± = dy 2 + dz 2 . In 
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this case R = f"(x) and the action becomes 

- A E = -L / dr f dydz f L dxf'(x) = -^A ± f'(l) + Q[f(L)} (33) 
167T7 J J l 16tt 

where we have confined the transverse integrations to a surface of area A±. If we 
now sum over all the metrics with f(l) = 0, f'(l) = B and f'(L) arbitrary, the 
partition function will become 

Z(f3) = Z exp(^A ± ) (34) 

which suggests that planar horizons have an entropy of (1/4) per unit transverse 
area but zero energy. This includes Rindler frame as a special case. Note that if 
we freeze / to its Rindler form / = 1 + 2gx, then R — f" = as it should. In the 
action in (|33"|), f'(l) — f'(L) will give zero. It is only because we are freezing f'(l) 
but varying f'(L) that we obtain an entropy for these spacetimes. 

6. QFT in spacetimes with asymptotic horizons 

The analysis so far was based on a strictly static 4-dimensional spacetime obtained 
as a subspace of the higher dimensional flat manifold. The blackhole metric, for 
example, corresponds to an eternal blackhole and the vacuum state which we con- 
structed corresponds to the Hartle-Hawking vacuum of the Schwarzschild spacetime, 
describing a blackhole in thermal equilibrium. 9 There is no net radiation flowing 
to infinity and the entropy and temperature obtained in the previous sections were 
based on equilibrium considerations. 

Physically, one would like to have a situation which is asymmetric in time so 
that one can consider an irreversible flow of energy providing us with a dE that can 
be used to define a dS = dE/T . Once it is realized that only the asymptotic form 
of the metric matters, we can simplify the above analysis by just choosing a time 
asymmetric vacuum and working with the asymptotic form of the metric with the 
understanding that the asymptotic form arose due to a time asymmetric process 
(like gravitational collapse). In the case of blackhole spacetimes this is accomplished 
— for example — by choosing the Unruh vacuum. 10 The question arises as to how 
our unified approach fares in handling such a situation which is not time symmetric 
and the horizon forms only asymptotically as t — > oo. 

There exist analogues of the collapsing blackhole in the case of deSitter and even 
Rindler. The analogue in the case of deSitter spacetime will be an FRW universe 
which behaves like a deSitter universe only at late times. Emboldened by the 
analogy with blackhole spacetime one can also directly construct quantum states 
(similar to Unruh vacuum of blackhole spacetime) which are time asymmetric, even 
in the exact deSitter spacetime, with the understanding that the deSitter universe 
came about at late times through a time asymmetric evolution. 

The analogy also works for Rindler spacetime which is also time symmetric. The 
coordinate system for an observer with time dependent acceleration will generalize 
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the standard Rindlcr spacetime in a time dependent manner. For an observer who 
was inertial at early times and is uniformly accelerating at late times, an event 
horizon forms at late times exactly in analogy with a collapsing blackholc. It is now 
possible to choose quantum states which are analogous to Unruh vacuum - that will 
correspond to an inertial vacuum state at early times and will appear as a thermal 
state at late times. 

It is easy to demonstrate these results in 2D using the emergence of CFT near 
horizon and calculating expectation values of the stress tensor especially near the 
horizon. Concentrating on the (t, r) plane, one can introduce a series of natural 
coordinates of the form 

ds 2 = f(r)dt 2 - — = f(0(dt 2 - df) = f[(v - u)]dudv (35) 



where 



f(r) 



dv 

£= / ttt; u = t-£; v = t + £ (36) 



./'( 



r 



These coordinate systems are singular near the horizon r « I. Assuming f(r) w 
B(r — I) near r = I [with B = f'(l)], it is easy to see that near the horizon the 
line element has the form ds 2 w Ble^ E '/ 2 )( v ~ u ) dvdu. This form suggests a natural 
coordinate transformation from (u, v) to a non singular coordinate system (U, V) 
with V = (2/B)cxp[(B/2)v}; U = -(2/B)exp[(-B/2)u\ in terms of which the 
metric becomes ds 2 = —(4f/B 2 UV) dl/dV. By construction, the (U, V) coordinate 
system is regular on the horizon, since the combination (/ /UV) is finite on the 
horizon. (This will lead to the familiar Kruskal coordinate system in the case of 
Schwarzschild manifold.) 

Since the mode functions are plane waves in conformally flat (1+1) space- 
time, we can immediately identify two very natural set of modes [and corrspond- 
ing vacuum states] in the spacetime. The outgoing and ingoing modes of the 
kind (47ro;)~ 1 / 2 [exp(— iuu), cxp(— iuv)] defines a static vacuum state (called Boul- 
ware vacuum in the case of Schwarzschild blackholc). The modes of the kind 
(47rcj)~ 1 / 2 [cxp(— iuU), cxp(-iijjV)] defines another vacuum state (called Hartle- 
Hawking vacuum in the case of Schwarzschild blackholc) . Finally, the modes of the 
kind (47rw) _1 / 2 [exp(— iuiU), exp(— iujv)] define the analogue of Unruh vacuum. 

In any conformally flat coordinate system of the form ds 2 = C(x + , x~)dx + dx~ , 
the expectation values of the stress-tensor component are given by 5 

< T±± >= --l-C 1/2 d 2 ± C'- 1/2 ; <T + _>=-^-R; R = AC^d+d- In C (37) 
12tt 9d7t 

Using this formula (with x^ identified with (u, v) coordinates and the relation d u — 
(d^/ du){dr / d^)d r — — (1/2) f(r)d r ) gives the expectation values in the Boulware 
vacuum: 

i T 1 

(38) 



< B\T-\B >=< B\T ++ \B >= — 

967T 
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wherer /' = df jdr etc. Identifying x^ with (U, V) coordinates gives the expectation 
values in the Hartle-Hawking vacuum: 

fits 2 

< HH\T \HH >=< HH\T ++ \HH >=< B|T__|B > +^-L- (39) 

1927T 

In both these cases, there is no flux since < T rt >— 0. Near the horizon, we have 

f'(l) 2 

< B\T ± ±\B >« <HH\T ±± \HH>^0 (40) 

An inertial observer near the horizon will use U instead of u and hence the actual 
values measured by an inertial observer near the horizon will vary as < B\T UU \B > 
(du/dll) 2 and will diverge near the horizon in the Boulware vacuum. 

A more interesting situation arises in the case of Unruh vacuum which differs 
from the Boulware vacuum only in the outgoing modes. If the cordinate x~ is re- 
placed by X~ = F(x~), the conformally flat nature of the line element is maintained 
and the only stress tensor component which changes is 

2" 



< T — > < T — > +7TT- 

247T 



Q J 2\Q 



(41) 



where Q = (l/F'). Using this we find that 

< U\T—\U>=<HH\T—\HH>\ < U\T ++ \U >=< B\T ++ \B > (42) 

thereby making < U\T \U >^< U\T++\U >. This leads to a flux of radiation 

with < U\T r * t \U >= —(B 2 /192ir). It is also clear that the energy density, as 
measured by inertial observers, is finite near the horizon. We thus conclude that we 
have two acceptable vauum states in all these spacetimes: (i) the time symmetric 
Hartle-Hawking state describing thermal equilibrium and zero flux and (ii) the time- 
asymmetric Unruh vacuum with a flux of radiation. 

We cannot, of course, use this trick in 4D away from the horizon and a formal 
analysis of this problem will involve setting up the in and out vacua of the theory, 
evolving the modes from t — — oo to t = +00, and computing the Bogolibov co- 
efficients. It is, however, not necessary to perform the details of such an analysis 
because all the three spacetimes (Schwarzschild, deSitter and Rindler) have virtu- 
ally identical kinematical structure. In the case of Schwarzschild metric, it is well 
known that the thermal spectrum at late times arises because the modes which 
reach spatial infinity at late times propagate from near the event horizon at early 
times and undergo exponential redshift. The corresponding result occurs in all the 
three spacetimes (and a host of other spacetimes). 

Consider the propagation of a wave packet centered around a radial null ray in 
a spacetime which - asymptotically - has the form in equation (Ji|). The trajectory 
of the null ray which goes from the initial position r,- n at i,- n to a final position r at 
t is determined by the equation 

t-t m = ± (Q (1 + • ■ -) 1/2 dr (43) 
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where the • • • denotes terms arising from the transverse part containing dr 2 (if 
any), which are regular at r = I. Consider now a ray which was close to the horizon 
initially so that (r in — I) <C I and propagates to a region far away from the horizon 
at late times. (In a black hole metric r ^> r in and the propagation will be outward 
directed; in the deSitter metric we will have r <C ri n with rays propagating towards 
the origin. ) Since we have f(r) — > as r — ► I, the integral will be dominated by 
a logarithmic singularity near the horizon and the regular term denoted by • • • will 
not contribute. Then we get 

t-t in = ± (J^j jf (y) (1 + • • -) 1/2 dr w ± (J^j In \f(r m )\ + constant (44) 

As the wave propagates away from the horizon its frequency will be redshifted by 
the factor u) cx (l/ v / ffoo) so that 

>(*) _ { 9oa(r in )\ 1/2 _ \.f(r ia )] 1/2 ^ Ke±gt 



r- 


r/(n„)l 







u(t in ) V 9oo{r) 

where K is an unimportant constant. It is obvious that the dominant behaviour 
of uj(t) will be exponential for any null geodesic starting near the horizon and 
proceeding away since all the transverse factors will be subdominant to the diverg- 
ing logarithmic singularity arising from the integral of (l//(r)) near the horizon. 
Thus w(t) oc exp[±<7t] and the phase 9(t) of the wave will be vary with time as 
9{t) = J u){t)dt oc exp[±gi\. An observer at a fixed r will see the wave to have the 
time dependence exp[i9(t)] which, of course, is not monochromatic. If this wave is 
decomposed into different Fourier components with respect to t, then the amplitude 
at frequency v is given by the Fourier transform 

oc 

f(v) cx J e i6 ^~ ivt dt cx J dte- t( - ut - Qcx rt ±9t V (46) 

— oo 

where Q is some constant. Changing the variables from t to r by Qe ±9t = r, 
evaluating the integral by analytic continuation to Im r and taking the modulus 
one finds that the result is a thermal spectrum: 

1 

l/MI 2 « ^73t; p = - (47) 

The standard expressions for the temperature are reproduced for Schwarzschild, 
deSitter and Rindler spacetimes. This analysis stresses the fact that the origin of 
thermal spectrum lies in the Fourier transforming of an exponentially redshifted 
spectrum. 

An interesting question is whether similar results hold for Rindler spacetime in 
4D which, of course, is flat. To study this case we need to work with the metric for 
an observer who is moving with variable acceleration. The transformation from the 
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flat inertial coordinates (t, x, y, z) to the proper coordinates (t, x, y, z) of an observer 
with variable acceleration is effected by y — y, z — z and 

x = J sinhe(i)d< + xcosh9(t); i= J cosh Q (t) dt + x sinhO(t) (48) 

where the function Q(t) is related to the time dependent acceleration g{t) by g{t) = 
(dQ/dt). The form of the metric in the accelerated frame is remarkably simple: 

ds 2 = (1 + g{t)xfdt 2 - dx 2 - dy 2 - dz 2 (49) 

We will treat g{t) to be an arbitrary function except for the limiting behaviour 
g{t) — > for t — > — oo and g(t) — ► go=constant for t — > +oo. Hence, at early times, 



the line clement in (49) represent the standard inertial coordinates and the positive 
frequency modes define the standard Minkowski vacuum. At late times, the metric 
goes over to the Rindler coordinates and we are interested in knowing how the initial 
vacuum state will be interpreted at late times. The wave equation (U+m 2 )(j) = for 
a massive scalar field can be separated in the transverse coordinates as <p(t, x, y, z) — 
f(t, x)e lkyV e zZ where / satisfies the equation 

-XT (50) 



(1 + g{t)x) dt V (1 + g{t)x) dx 

with x 2 = m2 + k 2 + ky. It is possible to solve this partial differential equation 
exactly and obtain the solution 



f(x,t) = fk y k zV {x,t) = exp-ix 



J cosh(0 — rj)dt + xsinh(6 — rj) 



(51) 



where rj is another constant. For the limiting behaviour we have assumed for g(t), 
we see that Q(t) vanishes at early times and varies as 0(i) « (go^+constant) at late 
times. Correspondingly, the mode / will behave as 

f(x, t) — > exp —%x [t cosh(?7) — x sinh(ry)] (52) 

at early times (i — » — oo) which is just the standard Minkowski positive frequency 
mode with u) = x cosh 77, k x = xsinh?7. At late times the mode evolves to 

f(x, t) - exp -i [(x/2 ff0 )(l + gox)e° ot ] (53) 

We are once again led to a wave mode with exponential redshift at any given 
x. The metric is static in t at late times and the out-vacuum will be defined in 
terms of modes which are positive frequency with respect to t. The bogolibov 
transformations between the mode in ( j53|) and modes which vary as exp(— ii/t) will 
involve exactly the same mathematics as in equation (^6|). We will get a thermal 
spectrum at late times. 

How do we interpret these results? In the case of Rindler spacetimes, the detec- 
tion of any particle has always been attributed to the energy supplied by the source 
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which is providing the acceleration — either constant or variable. The other two 
examples — the Schwarzschild and the deSitter — are more non trivial to interpret. 
In the case of blackholes, one considers the collapse scenario as "physical" and the 
natural quantum state is the Unruh vacuum. The notions of evaporation, entropy 
etc. then follow in a concrete manner. The eternal blackhole (and the Hartle- 
Hawking vacuum state) is taken to be just mathematical constructs not realized in 
nature. In deSitter spacetime there is no natural notion of energy (unlike in black- 
hole spacetimes which are asymptotically flat) or an "energy source" analogous to 
the mass of the blackhole. If the spacetime is asymptotically deSitter, should one 
interpret it as "evaporating" at late times with the cosmological constant changing 
with time ? 

It may seem correct to conclude that the horizons always have temperature but 
it may not be conceptually straight forward to associate an entropy with the hori- 
zon in all cases. Unfortunately, there is no clear mathematical reason for such a 
dichotomous approach since: (i) The temperature and entropy for these spacetimes 
arise in identical manner due to identical mathematical formalism. It will be sur- 
prising if one has entropy while the other does not. (ii) Just as collapsing blackhole 
leads to an asymptotic event horizon, a universe which is dominated by cosmologi- 
cal constant at late times will also lead to a horizon. Just as we can mimic the time 
dependent effects in a collapsing blackhole by a time asymmetric quantum state 
(say, Unruh vacuum), we can mimic the late time behaviour of an asymptotically 
deSitter universe by a corresponding time asymmetric quantum state. Both these 
states will lead to stress tensor expectation values in which there will be a flux 
of radiation. One is almost forced to the conclusion that in such a scenario the 
cosmological constant is evaporating. 
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